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Abstract By using the Lewis—Riesenfeld invariant theory, we have studied the dynamical
and the geometric phases in a generalized time-dependent Jaynes-Cummings model. It is
found that the geometric phases in a cycle case have nothing to do with the frequency of
the electromagnetic wave, the energy difference between two levels of the atom, and the
coupling strength between the atom and the light field.
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1 Introduction

It is known that the concept of geometric phase was first introduced by Pancharatnam [1] in
studying the interference of classical light in distinct states of polarization. Berry [2] found
the quantal counterpart of Pancharatnam’s phase in the case of cyclic adiabatic evolution.
The extension to non-adiabatic cyclic evolution was developed by Aharonov and Anan-
dan [3]. Samuel et al. [4] generalized the pure state geometric phase further by extending it
to non-cyclic evolution and sequential projection measurements. The geometric phase is a
consequence of quantum kinematics and is thus independent of the detailed nature of the dy-
namical origin of the path in state space. This led Mukunda and Simon [5] to put forward a
kinematic approach by taking the path traversed in state space as the primary concept for the
geometric phase. Further generalizations and refinements, by relaxing the conditions of adi-
abaticity, unitarity, and cyclicity of the evolution, have since been carried out [6]. Recently,
the geometric phase of the mixed states has also been studied [7-9].

As we known that the quantum invariant theory proposed by Lewis and Riesenfeld [10]
is a powerful tool for treating systems with time-dependent Hamiltonians. It was generalized

Z.-X. Yu
Department of Physics, Beijing Information Science and Technology University, Beijing 100085, China

Z.-Y. Jiao (X))

Department of Physics, China University of Petroleum (East China), Dongying 257061, China
e-mail: zhyjiao@126.com

@ Springer


mailto:zhyjiao@126.com

2238 Int J Theor Phys (2008) 47: 2237-2242

by introducing the concept of basic invariants and used to study the geometric phases [11-
14] in connection with the exact solutions of the corresponding time-dependent Schrédinger
equations. The discovery of Berry’s phase is not only a breakthrough in the older theory of
quantum adiabatic approximations, but also provides us with new insights in many phys-
ical phenomena. The concept of Berry’s phase has developed in some different directions
[15-27]. In this letter, by using the Lewis—Riesenfeld invariant theory, we shall study the
dynamical and the geometric phases in a generalized time-dependent Jaynes-Cummings
model.

2 Model

It is known that the generalized time-dependent Jaynes-Cummings model describing the
interaction of the two-level atoms and the light field associated with the light intensity can
be expressed [28]

wo(t)

H=w®a'a+ 6. +gmVataa's_ +6.avata), (1)
where a (at) are the photon annihilation (creation) operators, 6, (6_) are the pseudospin
operators for the atom defined as 6. = 6, +i6, with 6, and &, being the Pauli matrices, g(r)
stands for the coupling strength between the atom and the light field, w(¢) is the frequency
of the electromagnetic wave, and wq(¢) is the energy difference between two levels of the
atom in the unit A = 1.

We can introduce the supersymmetric operators of the system as follows

o L fata+g 0 < ((@a"h? 0
N‘”‘*E—( o ata+t) N=U o @ar) @
0= mwa_=< &?&&T 8) 0'=6.a afa=<8 “”5’”). 3)

It is easy to find that N,N’, Q and QF are the supersymmetric generators and form super-
symmetric Lie algebra, namely

0*=(0"*=0, [0".01=N6., [N.N1=0, [N.Q]1=0. @@
[N.01=-0", {0".0}=N. {0.6.}=1{0".6.}=0, )
[0.6.1=20, [0".6.]1=-20", (0"-0Q)P=-N, (6)

where {, } stands for the anticommuting bracket. According to (2)—(6), (1) becomes
H=ow@®N + ‘“02(’)&1 +800+gn0". o)

It is easy to find that

(=1 s im—1)
N( ) )""( ) ) ®

so we can restrict our study in the sub-Hilbert space of the supersymmetric quasi-algebra
(N, Q, QF, 6.). Below, we replace operator N’ with the particular eigenvalue m?>.
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3 Dynamical and Geometric Phases

For self-consistent, we first illustrate the Lewis-Riesenfeld (L-R) invariant theory [10]. For
a one-dimensional system whose Hamiltonian H (¢) is time-dependent, then there exists an
operator [ (¢) called invariant if it satisfies the equation

al(r)

ar + (1), H(1)] =0. ©))

i

The eigenvalue equation of the time-dependent invariant |A,, ¢) is given

1@ 13, 1) = hal . 1), (10)
where % = 0. The time-dependent Schrodinger equation for this system is
Oy @) _ 4
L =HOY(@))s. (a1

According to the L-R invariant theory, the particular solution |A,, ¢); of (11) is different
from the eigenfunction |A,, ¢) of I(¢) only by a phase factor exp[i§,(¢)], i.e.,

|An, 1)s = explid, (D)][An, 1), (12)

which shows that |A,, ), (n =1,2,...) forms a complete set of the solutions of (11). Then
the general solution of the Schrodinger equation (11) can be written by

W (6)s =) Coexplid,(D]|An. 1), (13)

n

where
t 8 N
3 (2) 2/ dt/()»n,t’lig — H()|An, 1), (14)
0

and Cn= ()‘ns O|1//(O))s
For the system described by Hamiltonian (7), we can define the following invariant

[ =a®Q+a* )0 + B(1)5.. (15)

Substituting (7) and (15) into (9), one has the auxiliary equations

iB(t) = m*g(t)[e(t) —a*(1)], (16)
ia* (1) = —28(B(1) +a* (Dwo(r) — w(1)], (17)
ia(r) =2¢(0B @) +a®)w(t) — ()], (18)

where dot denotes the time derivative.
Here, we introduce the unitary transformation operator V (t) = exp[£(t)Q — £* (1) O],
then it is easy to find that when the following relations hold

2 * *
sin(2m|s<z)|)=m[“(’)irgfgm WEOT gy = cos@migD,  (19)
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and

B(E) EOLE D) +a* (DED)]
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we can obtain a time-independent invariant as follows

[cos@m|§(r)) —1]=0, (20)

Iy=VininV@) =6,. 1)

According to (19) and (20), we can select

0 in@
E(r) = % expliv®)],  a = 29D oty o)1, 22)
m m
then the invariant 7 (¢) in (15) becomes
N sin 6 (t) . A . At A
1) = p” {expliy ()]0 +exp[—iy (t)]Q'} + cosO(t)o. (23)

On the other hand, in terms of the unitary transformation V(t) and the Baker-Campbell-
Hausdoff formula [29]

W()avm ai+1 8ii+1 oL ; il oL 7 ; il
at ar 21 ar’ atLLas " [ arffLos™ " T ’
24)

where V(1) = exp[i (1)]. It is easy to find that when the following two equations hold

: 92
W[w(r) wo(]+ g (1) cos” y(z)[ “_ +cos€(f)] +8(1)
00 V() — Qy(z) cosy () + LDOYD 0t -0 =0, (25
C 2m 2m
. . . 2
sin@(¢) siny (¢) (o) — wo(t)] + g(t)sin2y () [9 (tz) g cos@(t)]
2m 2 2m
— & sy () + Qy(t) siny (t) + M[sin@(t) —-0()]=0, (26)
2m 2m 2m
one has
Hy@)=VIOHOV @) —iVi(0) 8‘5?) =w(@)N + {ﬁ[l —cosf(1)]
wo(1) } y (@)
+ cos(t) +mg(t)sinf(t)cosy(t) ;o, + —[1 —cosf(t)]o,. (27)
The eigenstates of operator &, corresponding to the eigenvalues o = +1 and 0 = —1

are ((1)) and (?), and the eigenstate of operator N’ is (‘”{ml ) from (8), then we can obtain

two particular solutions of the time-dependent Schrodinger equation of the system, i.e., for
o =-+1,

s H(r»—exp{—zf [ (1) + 55 l(t/ndr’}x?(r)('mg”), (28)
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where
5 n_ N @o(t) — () , o ,
e () =mao (') + ———=———co0s0(t') + mg(t')sinf(¢') cos y (t'), 29)
(§§:+1(1’) = )7(2t ) [1 —cosB(t"], (30)
and foro = —1,
[¥o_ (1)) =exp —i/ [69_ (¢ +85__ (tHldr V(t)< 0 ) (31
0 |m)
where
S0__ () =mo(t) + M cosB(t") —mg(t)sinf(t") cosy (t), (32)
35:710/) = _y(zt ) [1 —cosB(t))]. (33)

From (28)—(33), we conclude that the dynamical and the geometric phase factors of the
system are exp[—i fot 84(t")dt'] and exp[—i fof 88(t')dt'] with o = +1, respectively. In par-
ticular, when we consider a cycle in the parameter space of the invariant I(r) and let
0 (t)=constant, then (30) and (33) becomes respectively,

1 1
85_ . (T)= E2;1(1 — cosf), 8__(T)= —5271(1 —cosf), (34)

here 27 (1 — cos @) denotes the solid angle over the parameter space of the invariant i (1).
It is pointed out that the geometric phases in the cycle case have nothing to do with the
frequency w (¢) of the electromagnetic wave, the energy difference wy(¢) between two levels
of the atom in the unit 2 = 1, and the coupling strength g(¢) between the atom and the light
field.

4 Conclusions

In this letter, we have studied the dynamical and the geometric phases in a generalized time-
dependent Jaynes-Cummings model. We find that, different from the dynamical phases, the
geometric phases in a cycle case have nothing to do with the frequency of the electromag-
netic wave, the energy difference between two levels of the atom, and the coupling strength
between the atom and the light field.
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